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1 Introduction

The lack of explicit solutions can sometimes hinder the progress of a given field of theoretical
physics. This is to some extent the case with Calabi-Yau (CY) compactifications of the
heterotic string, which are of interest for obtaining Grand Unified Theories. In this context,
one is required to specify both a (compact) CY manifold and a non-trivial non-abelian
HYM instanton on that manifold [1]. It is a well known problem that neither the Ricci-flat
metrics on the CY manifolds nor the non-abelian HYM instantons over them are explicitly
known. This forces us to study only those features of the effective low-energy theory that
are determined by the topological properties of the CY manifold and the HYM instanton.
One of the reasons for this state of affairs is that compact CY manifolds do not possess
continuous isometries.

In this paper we approach this problem by studying HYM instantons over non-compact
Ricci-flat Kéhler cones, dubbed Calabi-Yau cones in the following. This is, of course, a
drastic simplification of the problem, but it might give us some intuition on what happens
in (certain limits of) the compact case. One of the main values of this approach lies in the
fact that infinitely many explicit metrics on CY cones [2-6] have been constructed in recent



years. In this paper we develop a recipe that will allow us to construct a 1-parameter family
of SU(dc) HYM instantons on any CY cone dc-fold, given the spin-connection of the cone.
Each of these solutions is a deformation of the spin-connection, to which it converges at
the apex of the cone.

In contrast to the compact case, Ricci-flat metrics on CY cones always possess at least
one continuous isometry - generated by the so-called Reeb vector field. This naturally
suggests an ansatz for the HYM connection that preserves this symmetry in the presence
of the instanton background too. As we shall show in this paper, the resulting hermitian
YM equations can then be interpreted as describing a new Higgs-Yang-Mills flow, with the
radial coordinate of the CY geometry assuming the role of the flow parameter. This flow
takes place on the compact Einstein-Kéhler (EK) base of the CY cone, and - for bounded
and non-trivial instantons - interpolates between two distinct YM instantons, both of them
extrema of the Yang-Mills functional on the EK space. There is also an adjoint Higgs-field
whose value must change under the flow. The explicit SU(d¢) instantons over CY cone dc-
folds presented in this paper are particular solutions of these flow equations, constructed
using the spin-connections of the EK bases. Instanton solutions for other symmetry groups
can also be constructed explicitly and will be presented elsewhere [7].

From the viewpoint of heterotic compactifications, the present work should be seen as
a first step towards a more ambitious goal, namely the construction of HYM instantons
over resolutions of CY cones. It would be an interesting challenge to determine the moduli
space parametrising the combined deformations of the resolved CY cone and of the HYM
instanton. We would then be in the position of obtaining and studying the Kéhler potentials
for a large class of 4d heterotic theories, thus going beyond the single known example [8]
of a Kéahler potential that includes the instanton moduli.

The paper is organised as follows. We first review, in section 2, several useful facts
about the geometry of Kahler and Calabi-Yau cones. This is followed by a discussion of the
hermitean Yang-Mills equations on Calabi-Yau cones in section 3. There, we present an
ansatz that trades the HYM equations on CY cones for Higgs-Yang-Mills flow equations
on Einstein-Kéhler spaces. In section 4, we find and discuss a class of solutions to the
aforementioned flow equations. Concrete examples of such solutions are presented for
three different CY cones in section 5. We close with a few remarks on open problems and
directions for future research.

2 Calabi-Yau cones

We are interested on HYM instantons on Calabi-Yau cones, that is Ricci flat Kahler cones.
We begin by reviewing some generalities on Kéahler spaces and setting up the notation,
before specializing to the cones.

2.1 Kahler spaces

A Kahler metric can always be locally written as

ds? = 2KC;; d2' ® dz7 (2.1)



where ;5 = 0;0;K(2, z) and K(z, 2) is the Kihler potential. Clearly, this implies that the
Kahler 2-form, )
J = —iK; dz' A& (2.2)

is closed. Let us introduce an orthonormal frame
ei = gldz’ (2.3)
defined in terms of a squared matrix g of rank d¢ satisfying

(99" = Kij , (2.4)
such that now
ds®> =2e; @ ¢, J=—ie; \N¢& . (2.5)
The spin-connection €2, determined by
de; + Qik Nep =0, (2.6)
can be shown to read
Q=g '9g+g'9g"", (2.7)

for a Kahler space. This means that §2 is the connection of a holomorphic vector bundle.
It is useful to split the spin-connection into its holomorphic and anti-holomorphic parts

Q=A+A, (2.8)

with A = g~ '0g and A = —A". The holomorphy of the tangent bundle is then equivalent
to the fact that
Fo0(A) =0A+ANA=0. (2.9)

Then, the only non-vanishing piece of the tangent bundle’s curvature 2-form is the (1,1)-
component that reads

R(Q) = F11(AA) =0A+0A+ANA+ANA . (2.10)

For future use we also note that Rij Nej=0.

The curvature 2-forms of Einstein-Kéhler spaces have the particularity of satisfying
the so-called hermitian Yang-Mills equation (HYM),
i sab

2.11
i 0 (211)

ijpab _
K R =

with R = —2K% 0;0; Indet(K,;) being the (constant) scalar curvature. This can also be
neatly rephrased as

JEIAR = z‘]linC, (2.12)
2d>
C

which, in the particular case of a Calabi-Yau dc-fold reads

JETIAR=0. (2.13)



2.2 Kahler cones

A rather well studied class of non-compact K&hler spaces is that of Ricci-flat Kéhler cones,
with an infinitely large number of explicit metrics being known by now [2-6]. By definition,
any 2dc = 2(n + 1)-dimensional Kahler cone is a cone over a (2n + 1)-dimensional Sasaki
space, which in turn is a line bundle over a 2n-dimensional K&hler base. In the following, we
introduce local complex coordinates w' (i = 1,...,n) for the latter and denote its Kihler
potential by K(w,w). The K&hler potential for the cone can then be written as

Ko = |22 w) = 2 2 (2.14)

)

DN |

where z € C vanishes at the apex of the cone. With z = pe %¢’®/1/2, we find that the
metric of a Kéahler cone,

ds?, = dp® + p*ds*(Y), p>0, (2.15)
is determined by the metric of a Sasaki space Y
ds*(Y)=n®n+ QICi;dwid?D; , (2.16)

where the 1-form

n=do—i(0—- 0K, (2.17)

is the dual of the Reeb Killing vector field. Clearly, the real coordinate p has the interpre-
tation of a radial coordinate measuring the distance to the apex of the cone.
The 1-form 1 determines the Kéhler 2-form of the 2n dimensional base,

1
J = _§d77, (2.18)
as well as the Kéahler form of the cone,
[
Jo = —5d(p™) - (2.19)

Likewise, the curvature of the cone is fully determined by the Kéahler base geometry. For

instance, the Ricci 2-form reads

Ricc =2(n+1)J + Ric, (2.20)
while the scalar curvature
R—4 1
Re = # . (2.21)
p

Hence, imposing the Calabi-Yau condition on the cone implies that the base space is
Einstein-Kéahler with the scalar curvature being set by the dimensionality of the cone as

R=4n(n+1). (2.22)



Equivalently, one can state that the Kahler base has U(n) holonomy and its curvature is
HYM with

2(n + 1
gt =i 20t

Jm, (2.23)
(or ICZ;R%(’ = 2(n + 1)§%).

The HYM instantons that we will present in section 4 can be regarded as deformations
of the CY cone’s spin-connection Q¢. As such, it is useful to have an expression for ¢ in
terms of the spin-connection on the Einstein-Kahler base. Recall that )¢ is determined by
a rank (n+ 1) square matrix g (cf. eq.(2.7)), which in the case of a cone can be written as

-1 0
=k 2.24
g=c <—2zl€a \/izhab>’ (2:24)

where h is a rank n matrix determining the spin-connection of the Kéhler base. (In par-
ticular we have (hh")*® = KC;.) The holomorphic part of Q¢ is then straightforward

oK 0
_ 1l
AC =g 89 = <—\/§6b Cb“+6ba(31C> ) (225)

to compute

where, for convenience, we introduced the orthonormal frame e; = hjadw“, and C = h=10h
is the (holomorphic part of the) U(n) spin-connection on the Kéhler base space. We
should note that Ag is determined only up to gauge transformations which, by definition,
are unitary transformations acting on g from the left, leaving gg' invariant.
Imposing that the cone is Ricci-flat implies A¢ to be an SU(n+ 1) connection. In fact,
for C this implies that
tr(C) = —(n+1)0K, (2.26)

and thus
Ric=itr(R) = i2(n + 1)00K = —2(n +1)J . (2.27)

Then, upon the use of eq.(2.20) this implies the CY condition, Ricc = 0, to be satisfied
on the CY cone as it should.
In the gauge we are using here, the curvature of the tangent bundle of a cone is

straightforward to compute and gives

0 0
R = _ - - . 2.28
C ( 0 Rba _ 2(52j5ba + 5aj5bz)el, A éj) ( )

Below, we will discuss HYM instantons over CY cones. In particular, we will see that
if (2.28) is to satisfy the HYM equation (i.e. J* A Rc = 0) one should then have

TN (R — 257767 4 69T e; A ez) =0 (2.29)

This is, indeed, equivalent to eq.(2.23).



3 The HYM equation on Calabi-Yau cones

Compactifications of the heterotic string with 4d N’ = 1 supersymmetry at low energies
require, to lowest order in o/, selecting both a Calabi-Yau 3-fold and a hermitean Yang-
Mills instanton over the Calabi-Yau 3-fold. In this section, after presenting the HYM
equations for CY cones, we will use a particular ansatz to suggestively rewrite the HYM
equations as a (novel) Higgs-Yang-Mills flow. We will also derive a few general features of
any instanton that is a solution of these equations.

3.1 Holomorphy and DUY conditions

Given a Calabi-Yau manifold of complex dimension d¢ = n + 1, an hermitian Yang-Mills
instanton with curvature F and ¢;(F) = 0 must satisfy

F2,0) = 0 (holomorphy) (3.1)
Je NFay =0 (DUY equation) (3.2)

The holomorphy condition and the Donaldson-Uhlenbeck-Yau equation are sometimes also
referred to as F-term and D-term conditions, respectively. In this paper, we want to find
and study solutions of these equations over generic Calabi-Yau cones. We use the results
of the previous section to write J7 as

JE = p? I —np*dpAnpn gt (3.3)

It then follows that any solution F of the DUY equation (eq.(3.2)) must be of the gen-
eral form

1 ) - _
f:H+F<eAE—E2ICijdwlAdw]>+6Ae+BAE, (3.4)

where H, 3, and 3 are respectively (1,1), (1,0) and (0, 1)-forms tangent to the base of the
cone, F'is a function, and we introduced

d . d
e=2 4 21 dw' = @y in . (3.5)
z p
Moreover H is constrained to satisfy
JIAH=0. (3.6)

The latter equation can be interpreted as a DUY equation on the Einstein-Kéhler n-fold
(spanned by the coordinates w’,@’) that must be satisfied fiberwise at any value of z.
This fact motivates us to attempt a construction of HYM instantons on CY cones using
instantons on the Einstein-Kéahler space as seeds.

3.2 An Ansatz and a flow

Here, we consider a simplifying but natural ansatz for the gauge instanton. Namely, we
assume that the gauge instanton does not depend on the coordinate ¢ related with a natural
isometry of the CY cone. To be more precise, we write the gauge connection as

A=A (t,w,w)e + Bi(t,w, w)dw (3.7)



where t = In p?. The holomorphy condition F2,0(A) =0 then decomposes as
Foo(B) =0, (3-8)

and

OB = Dp(® +i4,), (3.9)

where ® = Re(A,), A4 = Im(A.) and Dg = 0+ [B,:]. We note that while ® can be
regarded as an adjoint Higgs field, A; transforms as a component of a real gauge field
under (¢-independent) gauge transformations. This is relevant for then we can use an
axial gauge choice to set A; = 0, thus simplifying eq.(3.9). On the other hand we find

F=-20,9, (3.10)
n
and
f=-0,8B—Dgd, [f=-p". (3.12)

To summarize, assuming a ¢-independent gauge field as well as the axial gauge, the equa-
tions for HYM SU(N) instantons on CY cones read

Fa0(B) =0, (3.13)
OB = Dp®, (3.14)

and .
P = —nd + ZIC”]—“,; . (3.15)

It is interesting to mnotice that these equations describe a Higgs-Yang-Mills flow,
parametrised by ¢, on the Einstein-Kéhler base manifold. Recall that in the Yang-Mills
flow of [9, 10], instead of (3.15) one has

O =-KIF;, (3.16)

leading to a flow equation for holomorphic connections
9B = —Dp(KVF;) . (3.17)

It is well known that this implies the Yang-Mills flow to be a gradient (or heat) flow for the
Yang-Mills functional [ tr (K1 .ﬂj)Q. It has the nice property that the gauge connection
flows to a fix point that minimises the Yang-Mills functional.

The flow we introduced above has nice properties of its own, as we now describe. We
must require that our solutions give rise to finite instanton numbers. This imposes that
at t = £oo, i.e. both at the apex of the cone and at asymptotic infinity, we must have
0;® = 05 = 0. In other words, the flow we are searching for must interpolate between
two fix points of the above flow equations. We shall denote the fix point at t = 400 UV



fix point, the one at t = —oo IR fix point. Now, the fix points satisfy the following set
of equations

Foo(B) =0, (3.18)
Dp(K'F;) =0, (3.19)
and 1
— KU~
@ = —KIF; . (3.20)

Further insight on the flow can be obtained by looking at the functional

M(t) = ((9t+n)/ tr(®?), (3.21)

EK,

which can easily be shown to satisfy
@M@pi/ tr (2(6,9)% + | Dpd[?) >0 . (3.22)
EK,

Clearly, according to (3.20), at the fix points M (t) is proportional to the Yang-Mills
functional. Moreover, egs.(3.21) and (3.22) imply that M (t) is a growing, semi-positive
function of t. Semi-positiveness follows from noting that at the IR we have My =
nfEKn tr(®%(—o00)) > 0 and M(t) is growing with t. Then, we also find that ®yy =
O(t = +00) # 0, otherwise 9, = 0:8 = 0 everywhere and the instanton would be uninter-
esting in (n + 1)-complex dimensions.

The upshot of this discussion is that any interesting (i.e. non-trivial and bounded)
solution of the above set of equations must interpolate between one extremum of the
Yang-Mills functional over the Einstein-Kéhler space at asymptotic infinity (UV), and a
second extremum with a smaller value of the same functional at the apex (IR). Recall that
an hermitian Yang-Mills connection is an absolute minimum of the Yang-Mills functional,
which vanishes there (for semi-simple Lie groups). As such, it is conceivable that at the apex
the holomorphic connection B approaches a HYM connection over the EK base manifold.
In the SU(n + 1) case, there is an obvious such connection, namely the spin-connection
of the Calabi-Yau cone. In the following section, for each CY cone, we will be able to
construct smooth SU(n + 1) instantons that, indeed, are described by a flow from a non-
HYM, holomorphic solution of the Yang-Mills equations over the EK base at the UV to
the spin-connection at the IR. Likewise, we will see that at the UV the adjoint ”Higgs” ®
has a non-vanishing VEV that flows to zero at the IR.

4 SU(n + 1) HYM instantons

We shall consider the simplest SU(n + 1) ansatz to solve the above flow equations on a CY
cone (n + 1)-fold. That is, we assume that

. z:(l 0 ), (4.1)

0 _ﬁ]lnxn



which readily implies that 9,8 = [B, ®]. By contrast, for B we still take the most general

Q E_
B = <E+ ann> . (4.2)

Eq.(3.14) then implies that 0;ac = 0 = 0, while

possible ansatz, with

1
oB, =+ T

p(t) Bz, (4.3)

and thus
n t
Ei(t,w,w) =" " ?UEY (w, w) . (4.4)

According to the discussion at the end of previous section, for any non-trivial instanton we
must have ¢y # 0. It then follows that also pyyv # 0 and either E_ or F; must diverge
at t = +00, unless one of these vanishes everywhere. To avoid a singular instanton at the
UV, we will take E° = 0, denoting £, = E from now on. Notice that one could instead
set EJOr = 0, but this would simply amount to a different gauge choice.
Getting back to the condition that B should be holomorphic (F2,0(B) = 0), we learn
that
da =0, or+I'AT' =0, (4.5)

and
OE° + E°Na+TAE =0. (4.6)

We already know one solution to this set of equations, given by the components of the CY
cone’s spin-connection A¢ (see eq.(2.25)). We shall consider this possibility here, leaving

a discussion on the general situation to the appendix. We thus set
a=0K, E)=-V2e, TI,%=C"+35K. (4.7)

It is then not difficult to compute the curvature of B along the EK base,

n+1 e; N é€; 0
B)=R 2 2—— dt) —1 4.8
FB) =Ro+ <exp< n /¢ > )( 0 —ebAea>’ (48)

and to find that

~ 1
K"YF;(B) =2n [exp <2i/4pdt> — 1] . (4.9)
n
Plugging this back in eq.(3.15), we finally obtain the flow equation for ¢(t),
1
Orp +nyp + g <1 — exp <2i/4pdt>> =0. (4.10)
n

This equation determines the radial dependence of our HYM instanton, and as such it is
important to understand its solutions. We can get some insight by recasting eq.(4.10) as

d
XX = - (X - MeX/M) , (4.11)



where X = 2n [ pdt, primes denote differentiation with respect to 7 = nt, and M =
n?/(n +1). Equation (4.11) describes the motion of a damped particle in the potential
VIX)=X-M eX/M  This potential has a maximum at X = 0, and two runaway directions
towards X — do0o0. The solutions of interest, that is the solutions that lead to instantons
of bounded curvature and finite instanton numbers, are those that start at the maximum
at 7 = —oo (X1r = 0) and have X(7) < 0 for finite 7. The case of 4d CY cones (n = 1),
i.e. when the base is CP' endowed with an Einstein-K#hler metric, is simple to solve, for
in this case (4.11) reduces to the first order equation

X' =—1+¢€¥. (4.12)

The solution depends on a single parameter ¢ty and reads

1 1

X=-l(+e™),  e=—g gy -

(4.13)
The parameter ¢ty can be thought of as the instanton’s size modulus.

The asymptotic behaviour of ¢ = X’/2 is relevant for the computation of the instanton
numbers and its form for general n can easily be found

—lelet | t - —o0
30:{ |1| . (4.14)

-3 ,t—>—|—OO

In more detail, the large ¢t asymptotic behaviour for n > 2 is

M? .
X = —n(t—to) - o e (t=to) 4 (4.15)

—1
1 1 M _n+1

RIS T

(t—to) + .. (4.16)

As it is manifest here, apart from the dimension of the EK base n, the instanton solutions
presented above depend only on one parameter, the instanton’s size t3. In the large in-
stanton limit (t9 = 4+00) we recover the spin connection of the CY cone, while in the small
instanton limit (t) = —oo) there is a transition from an SU(n+ 1) down to an SU(n)xU(1)
instanton. At this so-called small instanton transition, the second Chern character at z = 0
undergoes a discontinuous change, decreasing by

1 n+1
212 n

JAJ, (4.17)

and the third Chern class jumps to zero. These are the mathematical facts, but there
is a physical side to this story too. Recall that in heterotic string compactifications the
second Chern character of the instanton is as a source of 3-form flux that must be balanced
against the second Chern character of the background CY geometry in order that the
configuration preserves a minimum of supersymmetry and is stable. One might then worry
that the theory stops making sense in the small instanton limit, unless some physical
process introduces a new source of 3-form flux to compensate the removal of (part of) the
gauge instanton at z = 0. In 6d compactifications, this physical process turns out to be

,10,



the nucleation of a 5-brane wrapped on the holomorphic cycle dual to the 4-form (4.17).
This has been elucidated in [14] and discussed with specific examples e.g. in [15, 16].

It is instructive to go back and describe our SU(n + 1) instantons from the point of
view of the Higgs-Yang-Mills flow on the Einstein-Kéhler n-fold. The flow starts at the
UV fix point with an SU(n)xU(1), non-hermitian, instanton over the EK,, base, and an
adjoint Higgs ® with a non-vanishing VEV. This VEV is covariantly flat. Once we are an
infinitesimal distance away from the UV fix point, the adjoint Higgs does break the gauge
symmetry, and this induces a flow of the gauge field B that now becomes a fully-fledged
SU(n + 1) holomorphic connection on EK,,. It is not difficult to check that under the flow
the Yang-Mills functional is monotonically decreasing. As such, at the IR one attains the
absolute minimum of the Yang-Mills functional and ® = 0. At this (fix) point the gauge
field B becomes the connection of an HYM instanton over the EK,, base space, but now
with SU(n) gauge symmetry. Notice that the gauge bundle over the EK,, base undergoes
two relevant changes. It starts at the UV as the tensor product of a rank-n bundle with a
line bundle. Then it is deformed and flows as a rank-(n + 1) gauge bundle until its rank is
reduced by one unit at the IR. There are no other changes in the topological data in the
sense that

trF(B)Y = trRE, (4.18)

for any value of k and —oo <t < +o0.

4.1 Instanton numbers

The instanton numbers, obtained by integrating the d-th Chern character over the

CY d-fold,
1 7\
Ny = —/ tr i , (4.19)
d' cYy 2T

are of physical interest. We shall compute them here only for CY cone 2-folds and 3-folds,
for these are the most relevant cases for heterotic compactifications.

The instanton’s curvature 2-form F(A) is obtained using eq.(3.4) and egs.(3.10)—(3.12).
For the n = 1 case we easily find that

tr(F A F) = —16 [2(@@2 + (ate2fv)2] ENEAENE o0)

= —160;(0; + 1)?dt A A J .

Then, the instanton number on a CY cone 2-fold can be computed in terms of the 2nd
Chern character as ) )
No=——— trF? = — AJ . 4.21
2 87T2 CYo 27T2 SESTI ( )

Note that this computation is a mere check of well known results.
By contrast, the n = 2 case that we shall treat now, is new. A straightforward but

lengthy calculation leads to the following result

trF3 = —i30,pdt A A trR? 4+ i12f(t)dt A A J?, (4.22)

— 11 —



where we introduced the t-dependent function

F) =902 €10 — 1+ o + €3 %)

4.23
— O (2(0t<p)2 +6—6p—2(1—¢)? —2(1— )¢+ 66f¢) ’ (4.23)

that vanishes both at the apex and infinity. We define the instanton number N3 as the 3rd
Chern character integrated over the CY3 cone. We find it to be finite, being given by

—1

1 iR\? K
Ny = — trFd = —— A tr | — — A J? 4.24
3 487T3 /CY3 ' 87T SEsn : (27T> + 47'1'3 /9E5n ’ ( )
where

K= / - F(tyt, (4.25)

is a finite number that does not depend on the choice of EKs base manifold. A numerical
estimate gives K = 7/6. Notice that given that the value of K is the same for any CY cone
3-fold, the instanton number N3 depends only on the geometric and topological properties
of the base spaces, namely the volume of the SE5 space and the volume and Euler number

of the EK5 base space.

5 Examples

In this section we work out three concrete examples. We start by discussing the SU(2)
instanton over the CY cone 2-fold C?/Zy. We then move on to consider SU(3) instantons
over two CY cone 3-folds: the C3/Zs-orbifold and the conifold.

5.1 The C?/Z; orbifold

One useful way of regarding the C2/Zs-orbifold is as being obtained by letting the single
non-trivial compact 2-cycle on the Eguchi-Hanson space [11] collapse. Explicit SU(N)
HYM instantons over the latter have been constructed a long time ago, exploring the fact
that the Eguchi-Hanson space is 4d hyperkahler and the hermitian Yang-Mills instantons
are self-dual. In particular, the SU(2) instanton that we now construct along the lines of
the previous section has been known in the literature already for a while [12].

The C2?/Zy orbifold is a cone over the Sasaki-Einstein S3/Zs, that itself is a U(1)
bundle over CP!. The Einstein-Kéhler potential for the latter is

1
K =51+ lw|?), (5.1)
and the einbein reads ) J
w
e=——-—. 5.2
V21 + |wl? (5.2)
Specializing the general solution of the previous section to the present case we obtain
1dz 1 e 0
A=_-2 S 2 . 5.3
2 z03+1+et—t0 <_\/§e _%6> ( )
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In a more convenient gauge, obtained via a ¢-dependent gauge transformation U = e¢73,
the connection can also be written as

1
A = U AU + U0 = — <_2€ 0 ) . (5.4)

14 et=to 2¢' —1e

Here, we used a different but equivalent einbein ¢/ = e*®e. Let us also write down the

el=to <e/\€—2e/\é 22 NeE )

curvature

F(A) = (5.5)

(1+ett0)2 | —2\/2e NE —eANE+2eAE

(F(A") can be obtained from (5.5) replacing e by €’.) We notice that F(A) approaches
Re = 0 both at the apex of the cone and at infinity. This is not the case for n #
1. The instanton number can be explicitly shown to agree with the calculation of the

1 1
Ny = — AN =—=. 5.6
2 27('2 /SS/ZQ " 2 ( )
To obtain this result we used that on the S3/Zy orbifold, the periodicity of ¢ is halved,
¢~ o+

It would be interesting to consider also SU(2) instantons over the Eguchi-Hanson space,

previous section

the blowup of the C?/Zsy orbifold. These are well-known, albeit not in a form that makes

the complex structure evident.

5.2 The C3/Z3 orbifold

The next example is the C3/Z3 orbifold. This CY cone 3-fold has a CP? EK base, the
Kahler potential of the latter being

1
K= 3 In (1+ [w'* + [w?[?) . (5.7)

We do not need to compute the spin-connection for this cone, for we know it to be flat
outside the orbifold singularity, hence R = 0. (For more details on the C"/Z,-orbifolds
and their resolutions we refer the interested reader to [13] and references therein.) It readily
follows that

trR? = —12J%, (5.8)

and thus, the instanton number reads

2K — 3 2K — 3
N3 = AJ? = . 5.9
T TEm /55/23 7 48 (5:9)

5.3 The conifold

The final example of this section is an SU(3) HYM instanton over the conifold. We recall
that the conifold is a cone over the Einstein-Sasaki manifold 711 = (5% x $3)/U(1), that
in turn is a U(1) bundle over EKy = CP! x CP!. The Kihler potential on the base can be
taken to be 1 1

K=3 In(1 + |w'?) + 3 In(1 + [w?[?), (5.10)

,13,



and the resulting EKy metric is manifestly toric. It is useful to introduce the zweibein

1 dw’
e, = ———
VB Wi

in terms of which the (holomorphic part of the) spin-connection on CP! x CP! can be

(5.11)

written as
—1
0
c=—\3 <w o > : (5.12)
0 w?es
leading to
NeE 0
R:6<61 a v ) . (5.13)
0 ea N\ €
It follows that Ric = itr(R) = —6J, as expected. Computing the conifold’s spin-
connection and curvature is also straightforward. We find
) w'e; 0 0
Ao = 7 —V6e; —2w'e; + wley 0 , (5.14)
—\/662 0 wlel — 2@262
and
0 0 0
Rc=210 e ANep—ex ey —e1 N\ éo . (5.15)
0 —eg N ey —eyp Nep+ex N e

One can easily check that J% ARc = 0. The following identities are also simple to obtain:

trR? =0, (5.16)
trRZ = 12J° . (5.17)

In the present case, we can consider a more general ansatz for ® than in section 4,

P1(t) + ¢2(t) 0 0
P = 0 —p1(t) 0 : (5.18)
0 0 —(pg(t)

As before, we take o = K and I' = C 4 (OK)1, while
E; = _\/iefti(%-l-%-l-%)dtei . (5.19)

With these choices, ® and B satisfy the holomorphy conditions (3.13) and (3.14). The
DUY equation then leads to two coupled differential equations for ¢ 2(%):

t
20ypi + dopi + 1 — e2lulererted _ (5.20)

Imposing the condition that at the IR (i.e. ¢ = —o0) one has dyp; = 0, it follows from
eq.(5.20) both that ¢; = —oo and @%R = 0. Introducing the variables

t
X; = 2/ (pi + @1 + p2)dt, (5.21)

—00
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we can now recast the flow equations (5.20) as

d
2. O
0y Xi + 20, X; Gij de(

21
Gij = (1 2) : (5.23)

The above equation describes the damped motion of a particle in a 2D space with metric
Gyj, in the potential V' = X; + X5 — eX1 — X2, By definition we have XiIR = 0, and
inspection of the above equations for X; ~ 0 shows that there are only four branches

X1+ Xy — X1 — X2 (5.22)

with metric

of solutions satisfying these boundary conditions. In fact, we find that for ¢ < 0 either
X1 = X5 or X1 = —Xs. Since only solutions with X; < 0 lead to finite instanton numbers,
we see that the only interesting branch of solutions is the one with X; = Xo <0 at t < 0.
In fact, the symmetry under interchange of X; and Xy implies then that X; = X5 for all
values of ¢, and we are back to the solutions discussed in section 4, with ¢1 = @2 = ¢/2.
Given that trR? = 0, the instanton number of our SU(3) instanton over the conifold is

2K

N3 AJ? = > (5.24)

- 47T3 T1,1

where we used that ¢ ~ ¢ + 47/3.

6 Future directions

We close with a short discussion of open problems and future work. In this paper, we consid-
ered a natural ansatz that reformulates the hermitean Yang-Mills equations on Calabi-Yau
cones in terms of a suitable Higgs-Yang-Mills flow on Einstein-Kéhler manifolds. This new
perspective helped us finding - for any CY cone - a family of SU(d) instantons that depend
explicitly on a single parameter, the size modulus tyg. One expects however more general
multi-parameter solutions to exist, that should be connected to our instantons by smooth
deformations. In fact, it is known that the instanton moduli spaces should be Kéhler,
hence at least two-dimensional. Typically, at least some of the extra moduli that we are
missing here should be related to global gauge transformations. It is an interesting open
problem to find the number of these moduli and understand the geometry of the instanton
moduli space M. A naive computation shows that the metric (and the K&hler potential)
of M should be proportional to ™. This leads us to conjecture that M should itself be a

Kihler cone, with py = et0/2

playing the role of the radial coordinate. We will report on
this issue in a forthcoming publication [7].

As we have already mentioned, there is a large family [17] of CY cones that can be (at
least partially) smoothed out. It is an interesting problem to find out if the construction
we presented herein can be easily modified to take into account the deformation of the
geometry at the tip of the cones (i.e. at the IR). In particular, one might wonder if there is
a family of instantons that converges to the one we found in the present work as we take

the singular limit on the CY geometry. Explicit instantons on these smooth non-compact

,15,



CY'’s should be of interest not only for computable toy models for heterotic supergravity
compactifications, but also in the context of the gauge/gravity duality. Several properties
of the 4d field theory duals should be intimately related to the features of the Higgs-Yangs-
Mills flow we described in this paper.
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A More general instantons?

In the following we shall consider the possibility of finding SU(n + 1) instantons on CY,, 41
cones with the ansatz of section 4 other than the ones already discussed therein. For

a 0
B= <E an) . (A1)

1 t
E; = —coV/2exp <%/ apdt) EY, (A.2)

o0

convenience, we write

with

and recall that E?, a and I';; are t-independent. Once the holomorphy condition is satisfied
at a given t, it is automatically satisfied also at any other ¢t. Actually, one can multiply E;
by any (t-dependent) number to get a new holomorphic connection.

Assuming the above connection to be holomorphic, we now want to learn which
constraints follow from the DUY equation. It is not difficult to find the following

two conditions:

(0B + (Ty; — i) ANEJ) A J"H =0, (A.3)

and
EPNE) AT o 60" (A.4)

Eq.(A.4) implies that the n-vector 1-form E! is related to the n-bein e; by a U(n) trans-
formation. If this is the case, then by suitably rescaling ¢y and changing the choice of
orthonormal n-bein we can safely set E? = ¢;.

Let us introduce the connection B’ defined as

;. « 0
) o

According to the previous discussion, if B is holomorphic as we assume, then B’ is holo-
morphic too. On the other hand, we see that the DUY implies also that

Fii(BYANJ" =idyXJm™, (A.6)
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where
1

2(n+1)
Finally, in case B’ is holomorphic and it also satisfies (A.6), we can find an SU(n + 1)

do = tr(KY F5(B)E) . (A.7)

instanton by solving the flow equation

Orp +nyp + 2(1 —dp) — Ecg exp <2n_—|—1/ t @ dt> =0. (A.8)
2 2 n oo
Requiring that the solutions of this equation correspond to bounded instantons leads to
the condition that dy < 1. In this case, this flow equation is quite similar to the one we
studied in section 4. We can use the same type of reasoning we used there to argue that
there are bounded solutions only if ¢3 = 1 — dy. These solutions have d;¢ = 0 both at the
IR and the UV and

C
et =0, oW ==2. (A.9)

This implies in particular that
K9F;(B™) =0, (A.10)

that is, the connection B approaches a HYM connection over the EK,, base at the IR. The
remaining parameter c% is determined by BYV as

1

= T tr(KY F5(BYV)E) . (A.11)

The upshot of this discussion is that any bounded instanton constructed using the
ansatz of section 4 is described by a Higgs-Yang-Mills flow that in the IR approaches a
HYM instanton over the EK,, base (and therefore also ®!® = 0). In this paper we were
able to explicitly construct instantons that approach the spin-connection at the apex of the
cone. However, the analysis of the present appendix suggests that other solutions (obeying
this ansatz) might exist that approach other HYM instantons over the EK,, at the IR. Let
us recall the conditions imposed on these instantons. Writing I' = C’ 4+ 10« these can be
summarised as

Faoo(€') =0, KIF5C")=2(n+1)cl, (A.12)

and

de+C' Ne=0, (De+C ANe)ANJ" ' =0. (A.13)

That is, our problem boils down to a search for an U(n) HYM instanton on the EK,, base,
such that its connection C’ satisfies (A.13), and differs from the spin-connection (on the
EK,, space). The constant c3 is (up to a constant) the first Chern number of the U(n)
bundle with connection C".
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